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1 Introduction 



The naive Fourier mode sum for the propagator of a tachyonic scalar field 
fails to converge in flat space. No one considers this surprising because the 
modes with ||A;|| 2 < — M 2 are unstable. What these degrees of freedom really 
do is classically roll down the negative potential. The propagator equation 
can be solved, but the solutions break Poincare invariance. 

This sort of instability is more pronounced in an expanding universe with 
scale factor a(t) because the physical momentum is ||fc||/a(t), so all modes 
are eventually redshifted past stability. One symptom of the problem is that 
even the massless, minimally coupled scalar suffers from it for sufficiently 
small deceleration [1J. As for flat space tachyons, the propagator equation 
can be solved but the solutions involve time dependent terms associated with 
the instability [2]. 

An interesting aspect of the problem is that, except for certain discrete 
values of the deceleration parameter, the use of analytic continuation tech- 
niques gives a formal solution to the propagator equation without this time 
dependence [3] . In fact the naive Fourier mode sum is always infrared diver- 
gent but, for most values of the deceleration parameter this divergence is of 
the power law type which drops out when analytic continuation techniques 
are employed. The problematic discrete values of the deceleration parameter 
are just those for which either the primary infrared divergence, or a subdom- 
inant one, happens to be logarithmic [2J. So the correct result is that the 
formal solutions which continue around power law divergences do not repre- 
sent true propagators, which is of course liable to happen whenever one only 
solves the propagator equation without constructing it from a mode sum [I]. 

The de Sitter geometry brings the problem into sharp focus because it is 
the most negative deceleration consistent with classical stability and because 
it possesses a maximal isometry group analogous to Poincare invariance. The 
breaking of de Sitter invariance was first noted in the coincidence limit of the 
massless, minimally coupled scalar propagator in 1982 [5]. Five years later 
Allen and Folacci gave a formal proof that no de Sitter invariant solution 
exists [5J. As with sufficiently small deceleration, endowing the scalar with 
a tachyonic mass gives formal de Sitter invariant solutions, except at the 
discrete values of the mass for which one of the power law infrared divergences 
becomes logarithmic [TJ. Also as before, these formal solutions are not true 
propagators. 

Because free dynamical gravitons obey the same equation as massless, 
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minimally coupled scalars [5] it has long been obvious that the graviton prop- 
agator must suffer from the same problem as its scalar cousin [5J- Indeed, an 
explicit mode sum construction for the graviton propagator in a non-de Sitter 
invariant gauge [10] shows physical de Sitter breaking even after the com- 
pensating gauge transformation is added to restore the gauge condition [TT] . 
This conclusion was for years disputed by mathematical physicists on the 
grounds that they could find explicit, de Sitter invariant solutions by adding 
covariant gauge fixing terms to the action and then analytically continuing 
from Euclidean space [12]. However, it was recently demonstrated that there 
is an obstacle to adding covariant gauge fixing terms to a gauge theory on 
any manifold which suffers from a linearization instability [13]. Ignoring this 
problem in Feynman gauge [2] leads to unphysical singularities at one loop 
order in scalar quantum electrodynamics |15j . 

One can still enforce exact gauge conditions, but it was long ago found 
that insisting on a de Sitter invariant solution for certain exact gauges re- 
sults in infrared divergences [161 EH] ■ That conclusion was also dismissed by 
mathematical physicists on the grounds that the problem is limited to only 
discrete values of the two parameter family of covariant gauge conditions JTS] . 
However, we can now recognize that, like the case of tachyonic scalars, the 
naive mode sum is always infrared divergent — and hence invalid. The only 
distinction of the special values of the gauge parameters is that, for these val- 
ues one of the power law divergences happens to become logarithmic [;7J. So 
the correct conclusion in all cases is that the graviton propagator breaks de 
Sitter invariance, and this was recently demonstrated by an explicit solution 
in de Donder gauge [19]. 

The goal of this paper is to put the de Donder gauge propagator [19] 
into a tractable form from which dimensional regularization computations 
can be performed. We shall also make the tensor structure of the de Sitter 
breaking parts explicit, and we shall evaluate the coincidence limit of the 
full propagator. The final results seem quite a bit more complicated than 
when a simple de Sitter breaking gauge is employed [10J. Two motivations 
for developing this gauge are: 

• Avoiding the noninvariant counterterms which occur with a de Sitter 
breaking gauge; and 

• Being able to check existing results [201 ED 1221 [23] for gauge depen- 
dence. 
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It might also be that the apparent complications of this gauge drop out 
when all the derivatives are acted and the indices are contracted. Exactly 
that occurs when using a de Sitter invariant solution for the Lorentz gauge 
photon propagator [24| to perform one and even two loop computations in 
scalar quantum electrodynamics [25] . 

This paper has seven sections of which the first is this introduction. In 
section 2 we review notation and some previous results [7J Q21 [TH] of great 
relevance to the current work. We also explain how the graviton propagator 
can be written in terms of differential projectors acting on a spin zero and a 
spin two structure function. Section 3 derives explicit results for each of the 
two structure functions. In sections 4 and 5 we act the differential projectors 
on the de Sitter invariant and de Sitter breaking parts. (Many technical 
details of this analysis are consigned to an Appendix.) The coincidence limit 
is taken in section 6, and section 7 gives our discussion. 

2 Notation 

This section reviews and consolidates notation and results introduced in ear- 
lier work. We begin by describing the coordinate system and tensor basis 
employed in this paper. We then present the solution for a general scalar 
propagator with a possibly tachyonic mass, and describe how to integrate 
such propagators. The section closes with a review of the general form of the 
graviton propagator in de Donder gauge. 

2.1 Working on de Sitter 

We work on the D- dimensional open conformal submanifold in which de 
Sitter can be imagined as a special case of the larger class of homogeneous, 
isotropic and spatially flat geometries relevant to cosmology. A spacetime 
point x^ = (x°, x l ) takes values in the ranges, 

- oo < x° < and - oo < x 1 < +oo for % — 1, . . . , (D— 1) . (1) 

In these coordinates the invariant element is, 

= a^.r\^ LV dx p 'dx v , (2) 
where rj^ is the Lorentz metric and a x = —1/Hx° is the scale factor. 



ds 2 = g^dx^dx 1 



(dx ) + dx-dx 
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Although infrared divergences do introduce de Sitter breaking into the 
graviton propagator they do so in a limited way that leaves the largest part 
of the result de Sitter invariant. For dimensional regularization computations 
it is best to express this de Sitter invariant part in terms of the length function 

y(x; z), 



y(x; z) = a x a z H 2 



x — z 



x°-z°\ 



-le 



(3) 



Except for the factor of ie (whose purpose is to enforce Feynman bound- 
ary conditions) the function y(x; z) is closely related to the invariant length 
£(x: z) from x 11 to z M , 



y(x; z) = 4 sin 



\\Ht{x-z\ 



(4) 



With this de Sitter invariant quantity y(x; z), we can form a convenient 
basis of de Sitter invariant bi-tensors. Note that because y(x; z) is de Sitter 
invariant, so too are covariant derivatives of it. With the metrics g^ u (x) and 
g^(z), the first three derivatives of y(x; z) furnish a convenient basis of de 
Sitter invariant bi-tensors |15|, 



dy(x; z) 

dx^ 
dy(x; z) 

dz v 
d 2 y(x; z) 

dx^dz v 



Ha x (y5l + 2a z H/\x^ 
Ha z (y5°-2a x HAx u 
H 2 a x a z (ySffi + 2a z H A Xfl 6° v - 2aJ°HAx„ - 2 Vi 



(5) 
(6) 
(7) 



Here and subsequently we define Aa;^ = rj^ u {x—z) u . Acting covariant deriva- 
tives generates more basis tensors, for example 



D 2 y(x;z) 

Dx^Dx v 
D 2 y(x;z) 

Dz^Dz v 



H\2-y) gi 



H 2 {2-y)g^{z 



(8) 
(9) 



The contraction of any pair of the basis tensors also produces more basis 
tensors [15 J, 



dy dy 
dx^ dx u 



H 2 (Ay 



dy dy 

Q z fi Q z v 



(10) 
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v ' dx v dx^dz* 
dy d 2 y 



gT{x) 



dz a dx p dz p 
d 2 y d 2 y 
q x p.q z p dx v dz a 

d 2 y d 2 y 
dx p dz p dx v dz u 



H\2-y) 



dy_ 

dx p ' 

> dzPdz* ' 
W% u{ x)-H 2dy 9y 



dx^- dx h 



(11) 
(12) 

(13) 

(14) 



The tensor structure of de Sitter breaking terms requires derivatives of 
the quantity u(x\ z) = ln(a x a z ), 



w = Ha ' s ° 



(15) 



Covariant derivatives of the new tensors involve some extra identities in ad- 
dition to those of y(x; z) [7J, 



D 2 u 



du du 



D 2 u 



x 



Dx^Dx u "" ' dx p dx v Dz^Dz u 

There are also some new contraction identities, 



sT{x) 

gT(x) 

g pa {z) 



du du 

dx p dx v 
du dy 

dx^ dx v 
du dy 

dzP dz a 
du d 2 y 



-H 2 = g<"(z] 



du du 



dzP dz G 



dxP dx u dz p 
du d 2 y 
dz p dx p dz a 



-H 2 
-H 2 
-H 2 
-H 2 



y-2 + 2- 

a x 

y-2 + 2— 



r dy a, du 



dz p a x dz p - 
9y 2 a x du 



dxP a z dxP- 



du du 

dzP-dz v ' 
(16) 



(17) 
(18) 
(19) 
(20) 
(21) 



2.2 General Scalar Propagators 

We work with a general scalar propagator iAb(x; z) which obeys the equation, 

i5 D (x — z) 



n + (b 2 -b 2 A )H 2 iA b (x; z) 



-g 



(22) 



Here and henceforth we define the index b A = £j=i. For the case of b < b A 
the propagator has a positive mass-squared and its propagator is de Sitter 
invariant. We display its expansion for b = u, 



H°- 2 f„/D /4n#-i 



D - 



r(f)r(i- 2 



E 



X 



r(±+i/)r(f-i/ 

r(|+i/+n)r(|-i/+n) (V\n-%+2 T{b A + v+n)T(b A -v+n) f yw 



r(3-f + n )(n+l)! v 4 



r(f +n) n! 



U 



(23) 



For b > b A the naive mode sum would be infrared divergent so one must 
add a de Sitter breaking, infrared correction [HIE]- We have constructed this 
correction to preserve the symmetries of homogeneity and isotropy, 



A™(x; z) 



H D ~ 2 T(v)T(2v] 
(47r)#r(6 A )r(z/+ 



Y~ x 6(u — b / 



- N — n i 



x v ^ — ^E(-+- E Urf"" 



— n— 2m 



where the coefficients C^ nm are, 



C 



Nnm 



1\N 
4) 



m\n\(N— n — 2m)! 



x 



X: 



r(fr A + iV+n-z/) 
r(^ + AT-z/) 

r(i-iz) 



X 



X 



r(i-^) 

Y(b A + N-2m) " Y(l-v+n+2m) " T(l-u+m) 
The full propagator is therefore, 



iA h (x: z] 



lim 

V— >rb 



IR/ 



iAf (ar;«) + A^-(a-: :; 



(24) 



(25) 



(26) 



2.3 Integrating Scalar Propagators 

Many of the "propagators" we employ are actually integrated propagators 
which obey the equation, 



H + (b 2 -b 2 A )H 2 



iA bc (x; z) = iA c (x; z) . 



The solution is easily seen to be [13] 

1 



iA bc (x; z) 



(b 2 -c 2 )H 2 



iA c (x; z) —iA b (x; z) 
6 



iA cb (x; z) . 



(27) 



(28) 



For the special case that the indices b and c agree one gets a derivative, 

1 d 



iA bb (x; z) 



-iA b (x; z) 



(29) 



2bH 2 db 

We also employ a doubly integrated propagator which obeys the equation, 

□ + (b 2 -b 2 A )H 2 ] iA bcd (x; z) = iA cd (x; z) . (30) 

The solution can be written in a form which is manifestly symmetric under 
any interchange of the three indices a, b and c, 



iA bcd (x;z) = 



iA bd (x; z)-iA bc (x; z) 
(c 2 -d 2 )H 2 

(d 2 -c 2 )iA b (x; z) + (b 2 -d 2 )iA c (x; z) + (c 2 -b 2 )iA d (x; z) 



(b 2 -c 2 )(c 2 -d 2 )(d 2 -b 2 )H± 
The case in which two of the indices are the same gives, 



(31) 
(32) 



iA bcc (x; z) 



2cH 2 dc 

And equating all three indices produces, 

1 d 



1 d iA cc (x;z)-iA bc (x;z) 
iA bc (x; z) = - 



(b 2 -c 2 )H 2 



iA bbb (x; z) 



2bH 2 db 
1 



iA bc (x; z) 



c=b ' 



8b 3 H 4 



^riA b (x; z)-b^fiA b (x; z) 



(33) 

(34) 
(35) 



2.4 Form of the Graviton Propagator 

The graviton propagator in de Donder gauge can be expressed as the sum of 
a spin zero part and a spin two part, 



afiApa 



(x; z) = i 



A 



(x; z) + i 



al3A 2 a 



[x; z) 



(36) 



Each part is represented as product of differential projectors that enforce the 
gauge condition on each coordinate x^ and acting on a scalar structure 
function. For the spin zero part this form is, 



A 



[x; z) = Vp U (x) x V P a(z) S (x; z 



(37) 
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The projector is, 



7> = D U D V + 



D-2 

The spin two part is more complicated, 

1 



□+2(D-1)# 2 



(38) 



A 2 



x 'i z ) — AU4^^{ X ) X Ppo KA ( 2; ) 



Tl aK {x\ z)Kp\(x\ z)S 2 (x; z) 



The projector P a/3 is, 



(39) 



P °P = - ( 



1 /D-3 



n-DH* 



/D-2 
VD-1 

' D-l 



9itv9 



n~2H 2 
□ 2 



+ 2D 



D-l 



H 2 H+2H 4 



□+2(D-l)iD 
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t/3 _ 9fJ.u 

D-l 



□+2(D-1)# 2 ]d (q D /3) I. (40) 



And TZan is the mixed derivative of the length function, normalized to give 
r\ aK in the flat space limit, 



1 d 2 y(x; z) 
2H 2 dx a dz K 



(41) 



3 Expansions for the Structure Functions 

The purpose of this section is to facilitate dimensional regularization com- 
putations by giving explicit expansions for the two scalar structure functions 
that appear in expressions (13T1) and (1551) . S (x; z) and S 2 (x; z). Because the 
differential operators (138|) and (T40l) can be simplified when one knows some- 
thing about the function upon which they act, it is convenient to decompose 
each structure function into a de Sitter invariant part which depends only 
upon y(x; z) and a de Sitter breaking part that also depends upon the scale 
factors a x and a z , 

Si(x;z) = Si(y) + 5Si(a x ,a z ,y) . (42) 

The fundamental expressions for each structure function involve the scalar 
propagators iA b (x; z) described in the previous section. Four choices of the 
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index b occur so frequently that they have merited a special notation, 



bB =\—) ' 6 ^=(— J ' bw =\—) ' ^ = V 4 • 

(43) 

The -B-type propagator corresponds to a positive mass-squared of M| = 
(D — 2)H 2 and is de Sitter invariant; the others all have de Sitter break- 
ing parts. The naive mode sums for the A-type propagator (with M| = 0) 
and the P^-type propagator (with Mj = —DH 2 ) both harbor logarithmic 
infrared divergences, which require combining the de Sitter breaking correc- 
tions Aj, R (x; z) with divergent Gamma functions in A^ s (x;z) before taking 
the limit v = b& or v = byy. The infrared divergences in the M-type prop- 
agator (with Mg = —2(D — 1)H 2 ) are of the power law type which do not 
require such care. 

3.1 Spin Zero Part 

The spin zero structure function can be successively decomposed into more 
and more explicit combinations of scalar propagators, 

S (x;z) = -2(^3 y) iA WMM (x;z) , (44) 

2 r , 

iA MM (x;z)-iA M w(x;z) , (45) 



(D-1)H 2 

1 f 1 /<9iA 6 \ 2iA M 2iA w 



(D-1)H 4 { 6 M v db )m D-2 D-2 



(46) 



Owing to the factors of □ + 2(D — 1)H 2 in the spin zero projectors (1381) it is 
also desirable to give explicit results for iAmw{.x; z ) and iAw(x; z), 



A 



, . \ _ D^ojx; z) _ 2g iiv {x) D 2 iA MW 
kX,Z) ~ DxvDx u Dz(>Dz° D-l Dzt>Dz° 

2g pa (z) D 2 iA MW 2g ilv {x)g pa {z)%A w 



(47) 



D-l Dx^Dx v (D-2)(D-l) 
As usual, we decompose them into de Sitter invariant and breaking parts, 

iA MW (x;z) = MW(y) + 5MW(a x ,a z ,y) , (48) 
iA w (x; z) = W(y) + 5W(a x ,a z ,y) . (49) 
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We begin with the de Sitter invariant parts. The function W(y) enters 
the propagator without any derivatives so its leading singularity is (4/y) 2" -1 , 



W(y) = 



H 



D-2 



(47T) 



2 

r(f+3) 



+ E 

n=2 



4x#-3 

2(f-3)(f-2)Vy 
r(n+f+2)( 



r(n+£>)(")» 



'2Mn-f +2 



(n-f +2)(n-f + l)(n+l)! n (n-l)r(ra+§) 



(50) 



where the constants W 7 ! and W2 are, 
W 2 



T(D + l) f D + l \ 
r(f + l)\ 2D /' 

r(D+i) 



r(f+i) 



)- 



-^(£>+i)-V(i) 



(51) 
(52) 



The function MVF(y) enters the graviton propagator with two derivatives so 
its leading singularity is (4/y)~~ 2 , 



MW(y) = 



H 



D-4 



r(f-i)/4xf- 2 



(4tt; 



D 



-9 w 



+ E 

n=l 



+ constant 



«(r T+2 -(Afwo»g) 



6^ 

4' 



(53) 



The coefficients (MW)£ and (MW)t are, 



w: = 



T(n+f + 2) 



(MW) b n = 



(£)_2)( n -f +2)(n-f + l)(n + l)! 

r(f -i)r(i-f ) r(|+& M +n)r(|-6 M + 
+ 2 r(3-f+n) r(|+6 M )r(|-6 M )(n+i)! 

r(n + D) 



(54) 



(£>-2)r(ra+f)ra(ra-l) 

■D 



r(%-i)r(i-§)r(b A +b M +n)r(b A -b M +n) 



2r(f+n) 



r(HMr(|-&M)n! 



(55) 



10 



and we should point out the special definition for (MW)l, 



W 2 2T(l-^)T{b w + b M )T{b w -b 



w^ ^^-^a r-J • (56) 

That brings us to S (y) which enters the graviton propagator with four 
derivatives and accordingly begins with (4/y) ~~ 3 , 



2 

oo 



n=2 



•• (57) 



The coefficients are, 



_ r(f-i)r(i-f) r(|+6 M +n)r(|-6 M +n 

P0j„ p; o r 



£-2 2 r(3-f+n) 6 M r(|+fe M )r(i-fe M )(n+l)! 

{3 3 111 

^(- + b M +n) -^(--b M +n) ~^(^+b M ) +^(^~b M ) >, (58) 

6 2(iyM)^ r(f -l)r(l-f ) T(b A +b M +n)T(b A -b M +n) 

W0)n — Fi o 1" 



D-2 2r(f+n) 6ji#r(i+6 M )r(i-6 Af )n! 

x|^(6 A + 6 M +n) -^(6 A -6 M +n) - ^(^ + &m) + ^(^-&m) j- (59) 

An important point to note about the M-type contributions is that the 
infinite series terms do not vanish in D = 4 dimensions, in spite of the fact 
that the coefficients of the (f) n ~ T+2 and the (|) n terms agree for D = 4. 
This is because both are multiplied by the Gamma function T(l — -j) which 
diverges for D = 4. 

Each of the de Sitter breaking parts is the sum of three terms: 

1. A power of a x a z ; 

2. A power of a x a z times (y — 2); and 

3. A power of a x a z times (^ + f-). 
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The two primitive contributions are [7], 



SW = kl^b\a x a z -b A \n(a x a z )(y-2)-(^+^)\ 



(60) 



b M ~bA b M -b A -l 4b A 

bM-b A -l 



[a x a z 



Ab A {b M 

Recall b A and bu from (1^31) . The constants k and /cm are 



^ + (61) 

-1) v a 2 Oj/J 



g - 2 r(D-l) _ H°-z T{b M )Y{2b M ) 

fc - ( 4vr)# r(f) ' Km ~ (47r)Tr(6 A )r(6 M +|) ' lb ' j 

It is useful to represent spacetime dependence using y(x; z) and two de 
Sitter breaking combinations of the scale factors, 



u = \n(a x a z ) , v = ln(— ) . (63) 

Each of the three de Sitter breaking contributions takes the form, 

f(u,v,y) = A(u) + f 2 (u) x (y-2) + f 3 (u) x cosh(u) . (64) 

Hence we need only give the functions fi(u) for each of the three combinations 
which enter expression (|47p . The simplest is, 

" /r(n) + /fHx( 2/ -2) + / 3 w (n)xcosh( V ), (65) 



(D-2)(D-1) H 4 
whose the coefficient functions are, 

f w _ Jl ofEzl) « f w _ k u f Jl 4 
h ' H* X ' h ~H* X D-2 ' /3 ~ m X (D-2)(D-l) ' 

(66) 

The next simplest combination is, 

(z 7_ 2 1} = fi MW (u) + f 2 MW (u) x (y-2) + x cosh(„) . (67) 
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Its coefficient functions involve 

fr(u) = f?(u) ! ^ x _ — - ( 68 ) 







■2)b A (b M -b A ) ' 




_ e (6M-feiv)« 




-2)6i(fo M -M 







frw = , w (69) 

= ,-(„) + |i x ^^7^1) • (70, 
Of course the most complicated is 5So itself, 

5S = /f°(u) + /f°(w) x (y-2) + / 3 5t '( M ) x cosh(t;) . (71) 
Its coefficient functions involve the constant Cm = 2^(6m) + 21n(2), 

/f .(„) = + |H x £^ x /Z^ +7 1 \ (72) 



if 4 2^ M I 6 m -&a (6jif-6 



/f» = / -(„) + ^ X ^x/^±!L- 7i -U 1, (73) 



# 4 8b 2 A b M \b M -bw ipM-b 



k** P ( b M-b w )u ( fi \ q . 1 "| 

3.2 Spin Two Part 

The spin two structure function can also be decomposed into single index 
propagators and their derivatives, 

S 2 (x;z) = p 32 ^ |^A AAA (x; z) -2iA AAB (x; z) +iA ABB (x; z) j, (75) 
32 [ 1 ( d 2 iA b ^ (2D-3)D ( diA b 



1)3 V db h 



(D-3) 2 H* \2(D-1) 2 v <% 2 M (D-2)(D-1) 3 V 96 M 
3zA A 1 /diA b \ 3iA B 



+ 



(D-2) 2 (D-3)(D-2)V 96 /b (D-2) 2 



The spin two structure function can be acted on by up to eight derivatives 
in the graviton propagator so its leading singularity is (-) ~~ 5 , 



S2(y) = 32 f— ) ttI . ; n tttt tttt rrn r + constant 

y ' y D-3J ( 47r )f \4!(f-5)(f-4)(f-3)(f-2) 
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+ £(S 2 )Sx(!H +2 -£(^x(D" .(77) 

n=4 ^ n=l * J 

To specify the coefficients (S 2 )n and (5 , 2 )^ it is useful to make the preliminary 
definitions, 



3 13 1 

Kiy) = ^ + y+n) + -1>(--v+n) , (78) 

= ^(b A + v+n) -i/>(b A -v+n) + ^(--v) . (79) 



The coefficients in (ITT)) are, 

-r(f +l+n) f *»'(M + K(M] 2 $-( 6a ) 



(SOS 



(£)_2)2(2-£+n)(n+l)! 1 2(D-1) 2 P-1) 3 

2*S(6 A ) + 6 _ [3(D-3) + (g-2-n)gg(6 B )] j ^ (gQ) 



(D-2)(D-1) (D-2) 2 (| +n )(D_ 3 )(£)_2) 

6 T(D-l+n) f ^(M + fe(M] 2 ^(&a) 

1 2jn " (D-2) 2 nr(f +7i)\ 2(D-1) 2 P-1) 3 

2<(6 A ) + 6 _ [3(P-3)-n*»(6 B )] ] ^ (gl) 



(D-2)(D-1) (L>-2) 2 (£)-2 + n)(D-3)(£)-2) 
It might be worth noting that ^^W) can ^ e simplified, 

n 2u 



This permits a more explicit form of (5 , 2 )^ 



71 - 



K x« _ -m + l+n) p- 1 1_ 



p-2) 2 (2-f +n)(n+l)! ^ (f -1-m) 
™ 1 2_ " 1 6 



r +1 (f +^)(f -!-^) ^-2^ (f+m)(f-l-m) (£-2) 2 

3 (f-2-n) " 1 

(£>-2)(f +n) (£>-2)(§ +n) ^ (f +m-l)(f -2-m) 



In comparison with its spin zero cousin the de Sitter breaking of the 
spin two structure function is simple. It derives entirely from the A type 
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k 


[fj.vT po ](x; z) 


1 


d 2 y d 2 y 
dx^dz^P dz^dx" 


2 


dy d 2 y dy 
dx(v dx^dz(P dz°) 


3 


dy dy dy dy 
dxP dx v dzP dz a 


4 




5 


H 4 g^(x)g pa (z) 



Table 1: Tensor basis for representing the de Sitter invariant part of 
i[ pu A po .](x; z). See Table |2] for the nine de Sitter breaking basis tensors. 



propagator and its derivatives. Further, its spacetime dependence is limited 
to powers of \n{Aa x a z ), with no dependence upon either y or + ^). Our 
result for it is, 



5S 2 



32k j ln 3 (4a x a 2 
(D-3) 2 H* \ 6(D-1} 



+ 



(D- 



+ 



j,'{b A ) + 2j,\b / 

(D-iy 



(D-l) 2 (D-2)(D-1) 3 
2(2D-3)Dip(b A ) 3 
(D-2)(D-lf + (D-2) 



\n 2 (Aa x a z ) 
\n(4a x a z )\. (84) 



4 de Sitter Invariant Tensor Structure 



In this section we express the de Sitter invariant part of the propagator in 
terms of the five invariant basis tensors employed previously to represent the 
graviton self-energy (26], which are given in Table [TJ That is, we represent 
the de Sitter invariant contributions to the spin zero and the spin two parts 
of the graviton propagator as linear combinations of the five basis tensors, 



A dS 

A"' /OCT 



[x: z 



5 

E 

k=l 



[C k (y)+C k 2 (y) 



x 



r k 

V 'pa 



X . Z ) 



(85) 



Each of the combination coefficients Cq 2 {v) can De expressed in terms of the 
de Sitter invariant parts given in the previous section, and their derivatives. 
There does not seem to be any point to giving explicit series expansions for 
each coefficient. 
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For the spin zero case a useful preliminary result is, 



D 2 F(y) 2 <9y „ 

= ^ ^^)( 2 -^ F (f ) + F ^ 

Now use this in (1471) to find the five spin zero coefficients, 

Cjfo) = 2S'M, 
C 2 (y) = 4£%{y), 

c 3 (y) = 5T(y), 

Ct{y) = -2S'M + (2-y)S^y)-^^^-, 

Ct(y) = -(2-y)S' (y) + (2-y) 2 S'M 

4 (2-y)MW'(y) 2 



2 W(y) 

D-l H 2 (D-2)(D-1) H A 

The de Sitter invariant contribution from the spin two part is, 
1 



(86) 

(87) 
(88) 
(89) 

(90) 
(91) 



A dS,2 



[x: z 



—P^x) x P pr[ z) 



TZ aK (x;z)TZp X (x;z)S 2 (y) . (92) 



From expression (I40p we see that the transverse-traceless projector P ^ 



x) 



contains four derivative operators. We must therefore work out what happens 
when a derivative acts on two factors of TZ, for example, 



D 

d~x c 



(n a K n uX +n UK n\)F} = (d+i)k v{k -^f + 2n„ {K n a x) ^ . (93) 



DF 



] Dx c 



It turns our that 11 similar identities are needed to act the first projector; 
they are given in the Appendix. With these identities it is straightforward 
but tedious to show, 



2( )P 



a/3. 



1 



n aK n px F ={d-2){d+i){h 2 k^ k 



dy DF 

dz^ Dx v 



-K 



a dy 



D 3 F 



D-l" {K dz x ) Dx>*Dx u Dx a ' D-l'^dz** Dx 



1 _ dy D 



+ (D-2)(D+1) 



D-l 



H 2 g K x(z) 



D 2 F 
Dx^Dx h 



D + U dy dy D 2 F 



-H 2 K, K K uX n x F + l9,u(x)^^n x F\ + 2 



4 > dz K dz x Dx^Dx v 
D-2 



D __ [ , ] DH 2 n, (K n\ ) 
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D 2 F 



D 2 F \ f/D-2 



X 



X 



D 4 F 



D 2 



Dx-DxPDx^Dx- " m ^ na ^Dx^Dx" nxF + d^S^TZ^ 



A) 



D 2 



Dx a Dxl 3 



1 dy dy 
+ A(D-1)H 2 dz K dz x 



D-l 



9fJ.U 



D 2 



Dx^Dx v 
D 2 



u,f 



Dx^Dx u 



D X F .(94) 



Our result ( 191")) can be greatly simplified by taking account of two facts: 



• We must still act the operator P p ^ x (z), which annihilates any longitu- 
dinal or trace term; and 

• The function F depends only upon y. 

The first fact means that we can neglect total derivatives of D/Dz K or 
D/Dz x , and also any term containing g K \{z). For example, we can write, 



dy dy 



AH 2 g KX (z) - AH 2 n a K TZ aX =>► -AH 2 TZ a JZ aX 



(95) 



dz K dz x 

The second fact means that we can trade derivatives of x and z, 

dy DF(y) = dy_dy_ p u ) = dy DF(y) 

dz x Dx v dz x dx u {V> dx v Dz x ' 1 ' 

Exploiting the two facts together allows many simplifications, for example, 

dy DF 



K, 



/ire 



dz x Dx v 



2H 2 H^1l uX F . 



(97) 



Eight identities of this type are summarized in the Appendix. When these 
relations f ll80til87[) are used we get, 



P/MxP/fzlfwt!/) 



1 ,D-3 



2^D-2 



U-{D-2)H 2 F(y) 



.(98) 
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It is straightforward to act the final projector by combining expressions 
and (jHSJ). First we define the function G(y) as, 



G(y) = -~[~(D-2)]s 3 (y) 



(99) 



^)(2-y)(iy-y*)S?+^(iy-y*)S'> 
D(D + 2 



4 -(2-^ + ^-^(2-^)^.(100) 

Interchanging x and z and their respective index groups then allows us to 
read off the result from 



£>-2 N 2 



4(— ) 



A dS,2 



,x:z) 



{D _ 2){D+ J H ^n,. "° 



1 



dy 



D 3 G 



D-ldx^'^ v) Dz^Dz^Dz a + D-ldx^ 



dy 



K 



D 



Dz°) 



UG 



(D-2)(D + 1) 
D-l 



H 2 g^{x) 



D 2 G 
DzPDz a 



L>+1 n dy dy D 2 G 
A ) 



-E 2 n w n v<T uG + Ig^^-M.uo] + 2 



dx» dx v DzPDz a 
D-2 



D 2 G 



x 



X 



X 



Dz a Wz a 
D A G 



Dz a DzPDzPDz° 
D 2 ^ 



H 2 g pa (z)n {l rn /; 

2K t , a K 



Dz a Dz? 



UG 



D 2 G 
''" ' V '" Dz a Dz? 

D 2 

!X " )ip Dz a Wz° 



D-l 

D-2 



DH 2 n { «K v){p 



-UG 



D-l 
1 



'R, pp lZ va U 2 G 



dy dy 



D-l 



9pa(z)U 



D 1 



DzPDx a 



UG 



9pa{z)U 



D< 



DzpDz u 



UG\. (101) 



4(D-l)H 2 dx»dx l 

It remains just to act the derivatives in (llOip and identify the coefficients 
of each of the five invariant tensors from Table [TJ The result of acting the 
d'Alembertian on an invariant function is the same for U x and U z , 



f 2 G{y) 



H 2 



G(y) = (Ay-y 2 )G"( y ) + D(2-y)G'(y) 



The other derivatives we require are, 
dG dy 



dz a dz L 



G'(y) 



(102) 



(103) 
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D1(J - H 2 g^(2-y)G'(y) + G"(y) , (104) 



dz" dzf dz'< v ' 
Dz'D^D^Dz' = -• ffl ft>s«-,*( 2 -?') G "('f) + 3i/ 4 S(>(fl 9-,*)(2-y) 2 G"( !/ ) 

Substituting ( 1103til06j) into (11 Oil) and comparing with Table [1] gives, 
KC l 2 {y) = -\{Ay-y 2 ) 2 G"" - l -{D + l){2-y){Ay-y 2 )G'" 

+ \D {D+my -y^- ^-f}^ G^ (107) 
KCl{y) = l(2-y)(4y-y 2 )G""-(D + l)(4y-y 2 )G>" 

, 2£>(£> + l) GW _ ^_ D ( D+r){ 2- y )G" , (108) 



D-l 2 

KCi(y) = -{^)G"" + \{Ay-y 2 )G"" + l -{D+l){2-y)G"> 

~D(D+1)G" , (109) 
KC'M = -^(4y-y 2 )G"" - 2 (^)(2-y)G m + ^±li G " , (110) 
^ 2 5 (y) = -^ T (%-y 2 ) 2 G"" + 2(g±i)(2-y)(4y-y 2 )G w 

D ^ +1) (4 y -^ + 4 ^- 2 ^f +1 ^ > (HI) 



D-l v * » ' D-l 
where the constant prefactor is K = 4(D — 2) 2 / (£> — 3) 2 
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k 


[»uT p k a ](x; z) 


6 


9y d 2 y du 1 9 2 j/ dy 
dx^ 8x v )8-Ap dz") 1 dx(p dx^dz^P dz a ) 


7 


du d 2 y du 
dx(p dx^dz'-P dz a ) 



o 


dy dy du du . du du dy dy 
dxM dx v dzP dz" *~ dx» dx v dzP dz" 


9 


dy du dy du 

Q X ( M Q x v) Q z (p Q z a) 


10 


dy du du du < du du dy du 
dx(p dx") dzP dz a dxP dx" dz(P dz' 7 ) 


11 


du du du du 
dxP dx" dzP dz" 


12 


H Ua> dx v ) 9pai. Z ) + 9pv{x) dz(p 9zCr) ] 


13 


tt2 \ du du t \ , t \ du du 1 
11 \-dxP dxvVp^ > iJpvK^! dzP dz^i 


14 


H l-dx^dx^^pcri 2 ) ~ 9pv (x) -q^\ 



Table 2: de Sitter breaking basis tensors for i[^ u A pa ](x; z). See Tabled] for 
the five de Sitter invariant basis tensors. 

5 de Sitter Breaking in the Full Propagator 

In this section we act the appropriate differential projectors on the de Sitter 
breaking parts of the two structure functions to obtain explicit results. The 
final answer involves 14 basis tensors multiplied by coefficient functions which 
depend upon u = \n(a x a z ), v = \n(a x /a z ) and y(x; z), 

14 



Abr 
pv^pcr 



\X\ Z 



Y,[K(u,v,y) + 5C k 2 (u,v,y) 



k=l 



X 



pv I pa 



x: z 



;ii2) 



The first five basis tensors are the invariant ones listed in Table [TJ The 
remaining nine are noninvariant and involve the two derivatives of u which 
were introduced in ( 1151) . These extra basis tensors are given in Table EJ 



5.1 Spin Zero Part 

The de Sitter breaking part of the spin zero contribution is, 



A br,0 



(x;z) = Vp U (x) x V pa (z)[5S (u,v,y) 
Recall that 5Sq(u, v, y) has the general form, 

f(u,v,y) = fi{u) + f 2 (u)(y-2) + f 3 (u) cosh(w 



(113) 
(114) 
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Two useful preliminary results are, 



D 2 f(u,v,y) dy du du du 

X ^J2 + 



Dx^Dx" dxb dx v "> 



dx^ dx l 



+ 



ft+fi\(v-2) + [h-ti+fS] cosh(v) + [-h+2fi\ Binh(«) j 
+H* 9ia ,(x){-fi + \-h-f'My-2) - />sh( W ) - / 3 sinh(v)),(115) 



D 2 f(u,v,y) _ dy du du du 

X *J2 + 



-f'l + f? 



DzPDz a dz^ dz a *> " ~ JZ ' dzPdz a x 

■ia+/a](y-2) + [/s-Za + Zs] cosh(*;) + [/ 3 -2tf] sinh(t;)| 

+H 2 g pa (z){-f[ + f-/ 2 -^l( y -2) - />sh(<;) + /ssinh^)}. (116) 



Tracing (I115p and setting it equal to the trace of (11161) implies an identity 
which is obeyed by all the de Sitter breaking terms, 



1 r 



/a(«) = o h Afz(u) + tl{u) 



(117) 



The next step is to treat the right hand side of (11151) as the source on 
the left hand side of fl 1 1 6 [) to infer the result for acting four derivatives. Now 
employ these identities in expression fj47|) and read off the coefficient of each 
of the 14 basis tensors. The nonzero ones are, 



5C^u,v,y) = f 1 w -2(f 1 MW rHfi So )" 



+ 



(fi°-2fr w +f?)+2(f$°-f? w y+(f 2 s r 



(y-2) 



+ 



MWy , / rS \" 



5C 7 (u,v,y) = AU 2 So )" , 
6C 10 (u,v,y) = -2(f 2 s °)" + 2(f 2 s °)>" , 



cosh(w) , (118) 

(119) 
(120) 



+ 



(/ 2 So )"-2(/f) w +(/f) 



SoV'if fSo\'>» 



(y-2) 
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+ 



2(/3 S0 ) , -(/3 50 ) / '-2(/3 60 ) / " + (/3 5 '°) 



5C?(u,v,y) = 2(-f 2 s ° + f 2 MW )' - 2(/f )" , 



cosh(w) , (121) 
(122) 



+ 



(fi°-f 2 MW )'+(f2 MW )"-(fi°r 



(y-2) 



+ 



-/hr+(/ 3 s °-r)'+ (/3 50 +/ 3 w )"- (/: 



f*>-fF w +2(f™y-(f*>y 



sinh(u) . 



cosh(v) , (123) 
(124) 



The final step is to substitute the Section 3.1 results fl66l) . (I68ti70p and 
into relations (I118H124]) . One surprising consequence is that all the 
de Sitter breaking contributions from the W-type propagator cancel out. 
These are homogeneous solutions of the spin zero propagator equation. The 
nonzero contributions derive from the M-type propagator. For the values 
k = 5, k = 11 and k = 13 the coefficients take the form, 



5C*(u,v,y) = -jf-A [{u+C M )A*+Bi\ x e^~ b ^ + [(u+C M )A k 2 +B 



xe 



Q>M-b w )u 



x {y-2)+ {u+C M )A*+B 



x e 



(b M -b w )u 



x cosh(w) L(125) 



For k = 7, k = 10 and k = 12 only the /2 terms contribute, 



x e 



SC k Q (u,v,y) = ^L[( u +C M )A k 2 +B k 
And the final coefficient takes the form, 



5Cl\u,v,y) = ^L[( u +C M )A k 3 +B k ] x e ^~ b ^ u x sinh(^) 



(126) 



(127) 



Tables [3j|4] list the constants A k _ 3 and B k _ 3 for each of the nonzero coeffi- 
cients. 
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Constants 


Values 


A\ 


2b a &M 


Bl 


1+66a+2& a +(-4-2&a)&m 
2(D-2)b A b M 


A\ 


46a+26 a -2&a&m 
8& a &m(&m-&w) 


Bl 


-226 y 4-746 A -486 A -86 A + (2+266 j4 +326 4 +86 A )6 A1 - 
8(D-2)6 A 6 M (6 M -6 W ) 2 


Al 


66 j4 +26 a +(-2-26a)6 m 
4& a &m(&m-1) 


B! 


- 2 - 48fc A - 846 A - 3&b\ -46 A + (6+446 A +286 A +46 A ) b M 
4(D-2)6 A 6 M (6 M -1)2 


Al 


-1-&A+&M 


Bl 


-l-66_4-26 A +(2+26,4 )6 M 
2{D-2)b\b u 


A* 


2+7b A +2b 2 A + (-3-2b A )b M 
4b A b M 




3+206 yl +186 A +46 A + (-6-106 A -46 A )6 M 
i(D-2)b 2 A b M 


ay 


96 A + 166 A +46 A +(-l-86 A -46 A )6 M 
2b a &M 


Bl 1 


1+226a+406 a +366 a +86 a + (-4-166a-206 a -86 a )6 m 
2(D-2)b A b M 


A? 


-4-286 A -226 A -46 A +(8+146 A +46 A )6 M 
Sb 2 A b M 


Bl 1 


-8-706 A -906 A -486 A -86 A +(18+426 A +326 A +86 A )6 M 
8(D-2)b 2 A b M 


Al 1 


506 A +1106 A +566 4 +86 4 4 + (-6-466 A -406 A -86 A )6 M 
Ab 2 A b M {bM-l) 


Bl 1 


-6- 1686 A -7206 A - 10606 A -6686 A - 1766 A - 166 A 

4(D-2)6^6 m (6m-1) 2 

(22+2046 a +4606 a +4126 a +1446 a +166 a )6 m 
1 4(D~2)6 A 6 M (6 M -1)2 


A? 


6a -6m 
46 A 6 M 


Bf 


1+66a+26 a + (-2-26 a )6m 
4(£>-2)6 A 6 M 



Table 3: The nonzero constants of ^4i_ 3 and B^_ 3 in expressions (1125111271) 
for 5C%{u,v,y). 
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Constants 


Values 


Af 


5b A +2b 2 A + (-l-2b A )b M 
2bj\bM 


Bf 


l+Wb A +16b A +4,b A + (-4,-8b A -4b A )b M 
2{D-2)b A b M 


Af 


-6b A -2b 2 A +(2+2b A )b M 
Sb 2 A b M 


Bf 


-l-llb A -9b 2 A -2b A + (3+5b A +2b 2 A )b M 
A(D~2)b- A b M 


Af 


20b A +20b 2 A +4b 3 A +(-4-12b A -4b A )b M 
4b 2 A b M (b M -l) 


Bf 


-4- 1046. 4 -3026^ -256b\ -80b 4 A -8b A + (14+ 1086 A + 1446^ +646^ +86* )6 M 
A(D-2)b 2 A b M {b M -l) 2 




-6b A -2b 2 A +(2+2b A )b M 
ib 2 A b M (b M -l) 


Bf 


2+ttb A +8&b 2 A +mb\+Ab A +(-8-AAb A -28b 2 A -Ab A )b M 
4(D-2)b 2 A b M (b M -l) 2 



Table 4: The nonzero constants of A\_ 3 and B^_ 3 in expressions (1125111271) 
for 5C%{u,v,y). 



5.2 Spin Two Part 

The de Sitter breaking contribution from the spin two part is, 

1 



A br,2 



[x: z 



AH 4 



P/W x P *\z) TZ aK (x;z)n^(x;z)5S 2 (u) 



(128) 

In acting the first projector P a P(x) we can use the result (194")) from the 
previous section, which is valid without regard to the spacetime dependence 
of the structure function. Because the additional simplification (1551) only 
applies for de Sitter invariant functions of y, we instead express (194"|) in the 
form, 



2(—)P a ? 



X , 



Trace Terms 



+n\n\ x {G Di 



afipv 



K 



TI^kT^X) X {Gc)av 

dy 



p(K 



dz x ) 



x (G E ) U + K a { 



dz x ) 



x (G 



F ) fiua 



.(129) 
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To save space, the right hand side of ( I129p is understood to be symmetrized 
on fi and u, which is relevant to the 3rd and 5th terms. The six G/s are, 



G A 

(Gc)ua 

{Ge)v 
(Gf)hvoi 



-nlF 



(D-2)(D+1, 2 



9fiv r-,2 it. 
~D^1 X 



D-l 

1 



H'n T F 



D-l 



(D-2)(D + 1) , 



D-l 
2D u D a U x F + 



D„D V U X F 

I, 

2{D-2)D u2 



H z g^n x F + 



(D-2)(D+1) 



(130) 



-H 2 D fM D u F , (131) 



D-l 



D-l 

D a DpDF - (2^.)D„D JJJJJ- 



D-l 

H z D u D a F , (132) 



D-l 



■D-2 



D-l 



H 2 g^D a D p F , (133) 



QD-2)QD+i; 
D-l 
(D-2)(D+1 



D-l 



D V U X F + {D-2){D + 1)H 2 D U F 
D iM D u) D a F . 



(134) 
(135) 



The first four terms of (I129P involve two factors of 1Z. The result of 
acting P pa KX (z) on these terms can be read off expression ( |98l) by merely 
interchanging x M with and their respective index groups. The final two 
terms of ( \129\\ involve a factor of TZ times one of dy/dz. Acting P p< f x (z) on 
these terms requires some new identities such as, 



D, 



1 dy dy 

2 9pK dx^dz x 



G + H 2 (2-y)g pX n flK G + n 



dy DG 



dz x Dzp 



(136) 



The Appendix gives 7 related identities which allow us to derive, 



/£>-2n 



U ^lt xG 



(D-2)(D + 1) 

D-l 
(D-2)(D+l)r K 



g P og KX g 6 



D-l 



W)9 



D-l 



dy 

TZ^-^DeD^G 



D-l 



^g^+g^g^-iD + ^lSt^ 



0y ^ 

TZiik-q^H DqD^G 

\^^ H2 ~ y)H2n A DxDeD4,G 
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(D-2)(D+1) 



D-l 



+ 



D8f p 8^-g pa g 

OK n <t>\ n i>x 



nX 



1 dy dy 



2 dxf 1 dz 
D-2 



'- + (2-y)H 2 TZ ll AH 2 D x G 



l 9 °(p°a)9 [ D _l)%°<r)9 9 



xD^D x G + 2 



D-2 
D-l 



Dg e SX)-9 P °9 dK g 



<bX 



The next step is to act the various derivatives of F(u) = 5S , 2 (n)/4if 4 . 
There is always at least one derivative with respect to each coordinate, so 
the simplest case is, 

DID Z K F = u a u K F" . (138) 

There can be up two four derivatives with respect to each coordinate, making 
for ten cases. These are given in the Appendix. 

After acting the derivatives one makes use of the tensor contraction iden- 
tities of section 2.1 and extracts the coefficient of each of the basis tensors 
from Table [1] and Table [2j Because the intermediate expressions become 
quite lengthy, the differentiation and tensor operations were performed using 
the symbolic manipulation program Mathematica. The final result is that 
the nonzero coefficient functions are all proportional to 8C\, 
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x 8C\ , (141) 

(142) 



The coefficient function 8C\ involves derivatives of the Sitter breaking part 
of the spin two structure function 55*2 (u), given in 
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Recall that the constant k was defined in ([62]). 
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Great simplifications arise when the various spin 2 de Sitter breaking 
terms are combined. For example, from Tables [Hand [2] we see that the terms 
proportional to —4/(D — 1) sum up to give, 
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Here and henceforth we define the purely spatial, tangent space metric 

1 du du 



9uv(x) = 9pu(x) + 



H 2 dxv dx u 

An even greater simplification attends the remaining terms 
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The purely spatial version of 7£ is 
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Combining expressions (11441) . (I145P and (I148j) gives our final form for the 
spin 2 de Sitter breaking part, 



br,2 



pv^-pa 



(x; z) = k 



ln(4a x .a 2 )+2^(^-) ~^+^—[ 



I IK, pp IK, ua ~ '^pa'^ua jj ^ zpu^pa 



A few comments about (11511) derive from simple properties of the tangent 
space tensors g^ v and TZ^ V . First, note the trace identities, 



Kp >< iT >< = 9ia • (152) 



27 



These relations imply that (I15ip is traceless. Covariant differentiation with 
respect to x a yields, 

Da9i„ = -2g^ , D a ni p = -^Tli p . (153) 

(Of course similar results apply to differentiation with respect to z K .) To- 
gether with (11521) . and the orthogonality with respect to derivatives of u, 
relation f 1 1 5 3 j) implies that (j!51j) is transverse. 

Finally, it is interesting to compare (I15ip with the infrared logarithm part 
of the only propagator so far used to make loop computations jH [10]. That 
result was derived in a noncovariant, average gauge which is not subject 
to the topological obstacle [13] because it cannot be extended beyond the 
open coordinate submanifold. When the multiplied by a 2 x a 2 z to account for 
conformally rescaling the graviton field the infrared logarithm part of that 
propagator is [9j [10] , 

fcln(a A )|^X- + ^^-^Z3^i} • ( 154 ) 

Note that the mixed index {IZ^lZya + lZ^ a lZ vp ) parts of (I154p agree precisely 
with those of (11511) . The unmixed part of (11541) includes contributions from 
the gauge-dependent, spin part so there is no reason they should agree in 
different gauges. But the spin 2 parts should be gauge independent, and they 
do seem to be. 



6 The Coincidence Limit 

"Coincidence" means taking the coordinate z^ equal to x^ in i[ pu A pa ](x; z). 
Table [5] gives the coincidence limit of each of the 14 basis tensors. The de 
Sitter length function y(x, z) vanishes at coincidence. The rules of dimen- 
sional regularization imply that all .D-dependent powers of y vanish as well 
[27]. Coincidence also makes the variable v = ln( — ) go to zero, which implies 
cosh(f) — > 1 and sinh(f) — > 0. The variable u = ln(a x a z ) goes to 21n(a) at 
coincidence. 

It is now just a matter of taking a few simple limits and combining results 
from previous sections. For example, Table [5] implies that only the first and 
fifth of the de Sitter invariant tensors are nonzero at coincidence. We can 
therefore read off the de Sitter invariant part of the spin zero contribution 
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Table 5: Coincidence limits of each basis tensor. 



by first consulting expressions (IBTj) and f l9Tj) then expressions f )50|) . (1531 and 

(EZD, 
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) = AH A g Kp g a)v x ^(0) + #V<7^ x C 5 (0) (155) 



IH^g^g^ x 2^(0) + #V#/- 
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The de Sitter invariant part of the spin two contribution follows similarly 
from expressions fjlOTj) and fillip . 

^Af/] (x; x) = AH^g^y x ^(0) + H% u9pa x C 2 5 (0) (158) 



+»Vft» x %~_ 3 y ( D-l) G " (0) ' (159) 
From the definition ( llUUp of in terms of S 2 (y), and the expansion (177)1 
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of S 2 (y), we find, 

G"(0) = -{D+A){D+6)S' 2 '"{0) + 3(£>+l)(£>+4)^"(0) - ^D(D + 1)S' 2 \0) , 

^(^) 2 S{ (c+4)(c+6)(S2)5 

-3( J D + l)( J D+4)(5 2 )^ + 2 J D( J D + l)(5 2 ) 6 2 }.(160) 



The tensor structure in (j!59p is dictated by tracelessness so we can write the 
final result as, 
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The coefficients (S 2 )^ are given in flHTj) . 

The de Sitter invariant contributions (11571) and f l 1 6 1 j) to the coincidence 
limit are divergent constants times products of the metric. In contrast, the 
de Sitter breaking terms give time dependence. This is most evident in the 
de Sitter breaking contribution from the spin zero part, 
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For k = 5, 11 and 13 the coincident coefficient functions are, 
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And for k = 7 we have, 



KM 



[u+C M )A k + B k 



D (b M -b w )u 



(164) 



Recall the definition ff43|) of 6^, &vk an d ^a/, and the definition f[62|) of 
We define Ca/ = 2ip{b M ) + 21n(2), and the constants A k _ 3 and -Bf_ 3 can 
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be found on Tables [SB It is worth noting that there is no possibility of 
cancelations: de Sitter breaking in the graviton propagator is a real and 
inevitable phenomenon. 

The de Sitter breaking contribution from the spin two part ( I15ip was 
much harder to derive, but its coincidence limit is vastly simpler. Note first 
the coincidence limits of the tangent space tensors (I146p and (I150p . 



lim q 
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Combining (JTSTJ) with (I165H166P implies, 
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7 Discussion 

The goal of this paper has been to facilitate dimensional regularization com- 
putations of graviton loop diagrams on de Sitter background using the de 
Donder gauge propagator of [19] . The form of that propagator was summa- 
rized in section 2.4. Recall that it consists of a spin zero part ( |371) and a spin 
two part ( 1391) . Each part consists of a differential projector at each coordi- 
nate — these projectors are given in expressions fl38|) and (j4"0j) . respectively 
- acting on the appropriate structure function. Each structure function has 
a de Sitter invariant and a de Sitter breaking part. Explicit series expansions 
for the de Sitter invariant parts were derived in expressions ( 1571) and ( 1771) . 
respectively. Explicit expressions for the de Sitter breaking parts of each 
structure function were derived in expressions (ITT!) and (184]) . respectively. 

To obtain a completely explicit expression for the graviton propagator 
one must act the differential projectors on each structure function. In our 
view, this step is unlikely to be necessary in most real computations because 
there will be great simplifications when free indices are contracted. We have 
therefore contented ourselves with representing the de Sitter invariant con- 
tributions as linear combinations of the five basis tensors in Table [1] times 
coefficients which are expressed in terms of derivatives of the de Sitter in- 
variant parts of the structure functions. These coefficients are expressions 
(JH3EU and fll07Hlllj) . respectively. 
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For the de Sitter breaking terms we derived completely explicit expres- 
sions to emphasize that acting the differential projectors does not annihilate 
them. The tensor structure consists of the five de Sitter invariant basis ten- 
sors of Tabled] plus the nine de Sitter breaking basis tensors of Table [2] The 
coefficient functions for the spin zero are quite complicated, taking the form 
described in expressions (1125111271) . with the coefficients given in Table EMI 
The de Sitter breaking contributions to the spin two part were more diffi- 
cult to derive but vastly simpler to state: they are given by equation (I15ip . 
The infrared logarithm on the mixed index parts of this expression agrees 
precisely with the result obtained long ago, in a noncovariant, average gauge 
[HI ED]- The same is likely to hold in any gauge for which the cosmological 
symmetries of homogeneity and isotropy are preserved. 

The de Sitter invariant contributions to the coincidence limit of the gravi- 
ton propagator are given by expressions (j!57p and (11611) . It consists of di- 
vergent constants times products of the de Sitter metric. In contrast, both 
de Sitter breaking contributions show time dependence. The contribution 
from the spin zero part is given by relation (I162p . The powers of the scale 
factor which are evident in expressions (11631) and (I164p have no analogue in 
the one other gauge for which a reliable solution for the complete propagator 
exists [9J [10], so they can be regarded as peculiarities of de Donder gauge. 
However, the contribution (I167P from the spin two part shows exactly the 
same sorts of infrared logarithms as in the other gauge. The appearance of 
these infrared logarithms in two vastly different gauges supports the view 
that they are a gauge independent feature of the theory. 

The fact that there is a de Sitter breaking contribution even to the spin 
two part from the propagator seems to contradict the recent claim by Higuchi, 
Marolf and Morrison [28J that free, dynamical gravitons in synchronous- 
transverse-traceless gauge are physically de Sitter invariant. Because our 
de Donder gauge condition is de Sitter invariant, it cannot give rise to any 
compensating gauge transformation which could cancel the explicit de Sit- 
ter breaking we have exhibited. One might worry about de Sitter breaking 
through the surface gauge conditions which are implicitly imposed in any 
covariant gauge. However, we have followed the standard practice of simply 
extending the ie prescription to the gauge sector [29] , and it is difficult to see 
how that can introduce de Sitter breaking if none was physically present. 

We believe the more likely resolution of the disagreement is that two 
physically different theories are being compared. Canonical quantization of 
free gravitons in synchronous-transverse-traceless gauge does show de Sitter 
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breaking through the standard infrared divergence of Bunch-Davies vacuum. 
Higuchi, Marolf and Morrison avoid this by changing what they call "the 
graviton field" through a nonlocal field redefinition they were rightly careful 
not to identify as a linearized gauge transformation. Their new field obeys the 
same equations of motion as the old one but it has different commutation 
relations [SU]- Of course adopting a noncanonical quantization procedure 
results in a new theory, which is potentially physically different from the 
original one. One of these differences is that the "propagator" between x^ 
and obeys a sort of dipole equation with a delta function source at x M = z^ 
and compensating anti-sources at temporal infinity [30]. Adding anti-sources 
to the propagator equation will indeed result in better infrared behavior, but 
it doesn't seem to be right physically. 

It has long been obvious that de Sitter invariant gauges make propagators 
vastly more complicated than gauges which exploit the conformal flatness of 
de Sitter [91 [10]. It is easy to quantify this observation by comparing the de 
Donder gauge result [19] we have studied here with the de Sitter breaking 
gauge [TO] in which all previous loop computations [2111 Ell 1221 123] have been 
done. Both propagators can be expressed as linear combinations of basis 
tensors times coefficient functions. They differ in three ways: 

• Only three basis tensors are needed for the de Sitter breaking gauge, 
whereas 14 basis tensors are required for the invariant gauge; 

• The basis tensors of the de Sitter breaking gauge are constants, whereas 
those of the invariant gauge are complicated functions of space and 
time; and 

• The three scalar coefficient functions of the de Sitter breaking gauge are 
just iAfc(x; z) for 6^ = (%^), &b = {p^) an d be = (2^); whereas the 
14 coefficient functions of the invariant gauge are complicated linear 
combinations of up to two derivatives of iAb(x;z) with respect to b, 

evaluated at b^, &b, bw = (^-p) an d bu = \\J (D — \)(D + 7) . 

To appreciate the final point, note that the infinite series contributions in ( 123]) 
drop out in D = 4 for iAa(x; z), iAb(x; z) and iAc(x; z). In fact iAa(x; z) 
consists of only two terms in D = 4, while iAs(x; z) agrees with iAc(x; z) 
for D = 4, and they have only a single term. However, differentiating with 
respect to b causes the infinite series to contribute, as it does for 6 M , even 
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without derivatives. So the coefficient functions of the invariant gauge seem 
horrifically more complex than those of the de Sitter breaking gauge. 

It is interesting to note that even the de Sitter breaking parts of the in- 
variant gauge are considerably more complicated than the single factor of 
ln(a x a z ) which occurs in iAa(x;z). However, not everything is in favor of 
the de Sitter breaking gauge. One advantage of the de Donder gauge is that 
it admits only invariant counterterms. It might also be that, when all the 
derivatives are acted and all the contractions are performed in an explicit 
computation involving propagators and vertices, the complicated tensor fac- 
tors drop out and the horrific structure functions get acted upon by exactly 
the right differential operators to produce simple results. That sounds like 
wishful thinking but exactly these simplifications do occur when using the 
Lorentz gauge photon propagator [24J in one and two loop computations in 
scalar QED [25]. 
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8 Appendix 



We here give a number of relations that are used in sections 4 and 5 to act the 
transverse-traceless projectors P 



a/3. 



x) x P p(T KA (z) on the spin two structure 
function. The first set of 12 equalities follow from the differentiation and 
contraction identities of subsection 2.1, and hold for any function F, whether 
or not it is de Sitter invariant. These 12 relations, which are assumed to be 
symmetrized on /x and v where both indices appear, were employed in the 
derivation of equation (J5i 
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Eight additional simplifications follow from two assumptions: 

• That the result is being acted upon by P* x (z), so that we can neglect 
factors of g KX (z) and total derivatives D/Dz K or D/Dz x ; and 
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The function F depends only upon the de Sitter invariant y(x; z). 



To save space we omit the factors of P (z) which act on the right and left, 
and we symmetrize on the indices \i and v where both appear, 
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These identities were used to derive equation (198]) . 

When the structure function depends on u, rather than y, we cannot 
make (!98|) . The result we require for that case is equation (JT37J). It can be 
derived using the following identities, 
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Note that tracing on k and A gives relation (j!9ip from (I188p and relation 
(JT95D from fTT92|) . 

It remains to act the derivatives. We can save some space by defining the 
transverse metric, 
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Another space-saving convention is to assume the x indices are a, (3, 7 and 
5, and that the z indices are k, A, 9 and 0. This allows us to dispense with 
coordinates, for example, 
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We can also take advantage of the fact that F(u) is a third order polynomial 
in u, so one gets zero for F"" and all higher derivatives. Finally, note that 
every term contains at least one derivative with respect to x and another 
with respect to z. The ten cases we require are therefore, 
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x {gK{.e u 4>) u \+9K\ u e u ^) + ^ H6 (^ga(i3 u ^ u s)+g^u S )U a )g^ {e g^ x 

+^H i (g^ {l u 5) up+g^u 1 u 5 ) (Zg^ueu^+g^u^u^j 

+AH i {3g^u 1 u s) +g^ / u 5) u a ) (g^ g u^u x +g^ x u e u^j]F'" .(207) 
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